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2D Ising AFM

❖

❖ Square lattice

❖ Antiferromagnet

❖ 2-fold degenerate GS

❖ Tc = 2.26…

❖ Simplest model with PT

❖ With field: poorly studied
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FIG. 2. Magnetization resulting from an instantaneous
quench from a random initial state to inverse temperature
� for a 128 ⇥ 128 Ising AFM with field h. Inset: Magnetiza-
tion around the equilibrium saturation field h = 4. Should
remake figure to include zero-temp equilibrium line.

around m ⇡ 0.057 and for 2 < h < 4 the plateau oc-136

curs at m ⇡ 0.282 (refine later). Stranger yet, the137

zero-temperature equilibrium magnetization is restored138

between the plateaus at m(h = 2) ! 0.139

Extrapolating from Fig. 2 we can write down the mag-140

netization curve that would result from a quench to ex-141

actly zero temperature:142

m(T = 0, h) =

8
>>>>>>><

>>>>>>>:

0 h = 0

0.057 0 < h < 2

0 h = 2

0.282 2 < h < 4

0.55 h = 4

1 h > 4

(8)

We can compare this to the equilibrium magnetization143

curve:144

m(T = 0, h) =

(
0 h < 4

1 h > 4
(9)

A. Explanation of Plateaus145

We can explain the magnetization plateaus in terms of146

tilings of local allowed spin configurations where each site147

is at the center of one one of several ‘allowed’ configura-148

tions. At T = 0, h = 0, the system is able to reach equi-149

librium because there are available updates (C0
+1 $ C

0
�1)150

that do not change the energy, and therefore are flipped151

with P = 1 [see Eq. (4)], which allows domain walls to152

move until a single domain dominates the system, pro-153

ducing the AFM ground state.154

When we add a finite field 0 < h < 2, we destroy155

this zero-�E spin flip. The initial random state can be156

thought of as consisting of a tiling of all possible local157

spin configurations (see Fig. 1). As the simulation pro-158

gresses, it will eventually flip all the ‘disallowed’ states159

(C+4
+1 , C

+2
+1 , C

0
�1, C

�2
�1 , C

�4
�1 ), leaving only ‘allowed’ local160

states (C+4
�1 , C

+2
�1 , C

0
+1, C

�2
+1 , C

�4
+1 ). Once the system is161

composed of only allowed local spin configurations, no162

further updates are possible, since any single spin flip will163

raise the energy and therefore would be rejected. Two of164

these tilings are of course the true AFM ground states165

(tilings of C
+4
�1 and C

�4
+1 ), but almost all initial states166

will intersect with some other tiling of allowed states167

first and become permanently stuck in that state. The168

m(0 < h < 2) plateau is thus the average of many realiza-169

tions of these tiled states. In practice we have also seen170

that the distribution of magnetizations within the frozen171

plateau states is very narrow. Note: it would be in-172

teresting to try to analytically calculate m = 0.057.173

It is easy to see how this scenario would be generalized to174

finite, but low temperature, in which case the disallowed175

states are no longer disallowed, but updates that produce176

those local configurations are exponentially suppressed.177

Around h = 2, the simulation recovers ergodicity. At178

this value of the field, there is once again an allowed179

zero-�E update: C
+2
+1 $ C

+2
�1 . The presence of this180

‘reversible’ local update e↵ectively allows free movement181

of domain walls, and make it possible to reach the true182

ground state even from very low temperature quenches.183

For T = 0, ergodicity is only recovered at exactly h = 2,184

but for finite temperature there is a ‘valley of ergodicity’185

centered around h = 2 which become broader at higher186

temperatures.187

The 2 < h < 4 plateau consists of valid tiled states188

of allowed local configurations C+4
�1 , C

+2
+1 , C

0
+1, C

�2
+1 , C

�4
+1 .189

Near and slightly below the saturation field, h = 4, er-190

godicity is at least partially restored at finite tempera-191

ture and therefore we see another ‘valley of ergodicity’192

that becomes narrower at lower temperatures. At h = 4,193

ergodicity is restored again, but the behavior is some-194

what unusual. Notably, all � in Fig. 2 cross at exactly195

h = 4 and m ⇡ 0.55. We will discuss the reasons for this196

in the following section.197

V. REVERSIBLE RANDOM SEQUENTIAL198

ADSORPTION PROCESS199

The saturation point (h = 4) is especially interest-200

ing. At this point the AFM ground state and the fully-201

polarized state have the exact same energy. At zero tem-202

perature there is a sharp jump from m(h = 4 � ✏) = 0203

to m(h = 4 + ✏) = 1 at equilibrium. The equilibrium204

magnetization at m(h = 4) is not well defined. At finite205

temperature, the equilibrium m(h) is smoothed out, but206

for an instantaneous quench, something interesting hap-207
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Dynamics
❖ Metropolis Monte Carlo

❖ Single-spin-flip updates
❖ Choose spin at random

❖ Flip with probability 

❖ Quench:

❖ Start from  (totally 
random) state

❖ Instant quench to 

❖ What happens?

P = min [1,e−ΔE/T]

T = ∞

T
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Actual behavior

❖ Instantaneous quench to 
finite T<Tc

❖ High T: EQ
❖ Low T: Non-ergodic

❖ Plateaus
❖ Stable frozen states
❖ No intrinsic disorder

❖ Valleys of ergodicity 
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Zero temperature magnetization

❖ Ergodic for 

❖ From now on: 

h = 0, ± 2, ± 4
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The magnetization develops two plateaus that become
progressively sharper at lower temperatures. Unlike
conventional magnetization plateaus, these do not pass
through the equilibrium zero-temperature magnetiza-
tion curve, but are instead substantially higher. For
0 < h < 2 there is a plateau at m1 ⇡ 0.057 and for
2 < h < 4 there is a plateau at m2 ⇡ 0.282 (example
plateaus states can be seen in Figs. 3 and 4). The
plateaus begin to appear at T = 1

4 and are well-defined
by T = 1

8 . Even at finite temperatures, the updates that
move out of the plateaus states are exponentially sup-
pressed. Stranger still, equilibrium magnetization is re-
stored in ‘valleys of ergodicity’ between the plateaus at
h = 2 and possibly also slightly below h = hs. These val-
leys become narrower as T ! 0, and for T = 0 we expect
that equilibrium will only be restored at exactly h = 2.
Near and slightly below the saturation field (h = 4) er-
godicity is at least partially restored at finite temperature
and we see another ‘valley of ergodicity’ that becomes
narrower and closer to hs as T ! 0, although we do not
discuss this further in this work. Hereafter, we will focus
on instantaneous quenches to zero temperature and leave
more complicated quench procedures and finite temper-
ature e↵ects for future study.

Extrapolating from Fig. 1 we can write down the mag-
netization curve that would result from a quench to ex-
actly zero temperature:

m(T = 0, h) =

8
>>>>>>><

>>>>>>>:

0 h = 0,

0.057 0 < h < 2J,

0 h = 2J,

0.282 2J < h < 4J,

0.55 h = hs = 4J,

1 h > hs.

(5)

This is dramatically di↵erent from the equilibrium be-
havior [Eq. (3)]. Here we can make a few further obser-
vations about the plateaus. The plateau states do not
break any obvious symmetries of the system (see Figs. 3
and 4). The system reaches a frozen state extremely
quickly, typically within 10 Monte Carlo sweeps. The
plateau states are stable for extremely long times, and
the stability diverges rapidly as T ! 0. The number of
plateau states grows at least exponentially in L.

V. LOCAL CONFIGURATIONS

The magnetization plateaus do not reflect any order-
ing or symmetry-breaking transition. Instead, they are a
nonequilibrium phenomenon that can be understood in
terms of local spin configurations that are stable under
our dynamics. We will set J = 1 and define x, y:

x =�i = ±1 (6a)

y =
X

j

�j = 0,±2,±4, (6b)

FIG. 2. Schematic of all possible local spin configurations Cy
x

[Eq. (7)] with center spin x = �i = ±1 and nearest neighbors
y =

P
�j = 0,±2± 4 [Eq. (6)]. In the updates, the neighbors

are treated as fixed and the center spin is flipped Cy
x ! Cy

�x.
For each pair (row) Cy

±1, the configuration with lower en-
ergy is stable and the other is unstable (at T = 0). If they
are degenerate, then they are always flipped with probability
P = 1. For h = 0, the transitions are described by the white
arrows; the stable state is for x to be antiparallel to y, and
when y = 0, C0

±1 are degenerate. For h > 0, C0
�1 becomes

unstable and always flips to C0
+1 (as indicated by the green

arrow). As h increases, it is able to overcome the e↵ects of
the neighbors. For h > 2, the direction of the C+2

�1 transition
changes (as described by the blue arrow). Above h = 4, the
spin always flips to + and only Cy

+1 is stable (red arrow).

where �i is the spin that we will attempt to flip and
{�j} are its nearest neighbors (which should be consid-
ered fixed). We will define these local spin states using
the notation:

C
y
x . (7)

In Fig. 2 we show 10 local spin configurations that
describe all possible combinations of x = ±1 and
y = 0,±2,±4 (other configurations are reachable by ro-
tations and permutations of the neighbors).
In the language of these local states, the Metropolis

algorithm chooses a random spin, which is at the center
of a configuration C

y
x and attempts to flip it to Cy

�x. This
results in a change of energy

�E = (y � h)�x = �2(y � h)x. (8)

From Eq. (4) the probability of accepting this spin flip is

P = min
h
1, e��E/T

i
= min

h
1, e�(y�h)�x/T

i
. (9)

At zero temperature the updates are even simpler:
changes are accepted if and only if E(Cy

x) � E(Cy
�x).
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What is happening?

6

First plateau: h = 1 Second plateau: h = 3

View animations online: http://bit.ly/iaizziTPS 
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Freezing Mechanism

❖ 10 local spin configurations
❖ 5 pairs 
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Filler abstract.

Future me: add reference to Kadano↵’s paper ‘More is7

the Same’ [1]. This paper describes how this stu↵ relates8

to glass behavior at the bottom of page 788.9

Idea: 2d Ising quench: increasing field to get equili-10

bration is like adding an energy o↵set (epsilon) to Heisen-11

berg + h QMC to get better equilibration.12

Idea from group meeting: try quench to T = Tc13

Ising temp.14

I. INTRODUCTION15

In these notes I will describe my work on instantaneous16

quenches to finite temperature in the AFM 2D square lat-17

tice Ising model with a uniform external magnetic field.18

H = �J

X

hi,ji

�i�j � h

X

i

�i (1)

Here I perform instantaneous quenches to finite tempera-19

tures using randomly-selected single spin Metropolis up-20

dates. Since the Ising Model has no intrinsic physical21

dynamics, any Monte Carlo update scheme is necessarily22

artificial. In general Monte Carlo updates need not bear23

any resemblance to physical processes, and therefore sim-24

ulation time does not necessarily represent physical time25

in any meaningful sense. This is especially true for more26

complicated update schemes like cluster algorithms and27

especially the update schemes in quantum Monte Carlo.28

Despite this caveat, the single site Metropolis updates do29

resemble plausible physical dynamics, and are often used30

in analogy to physical dynamics (refs). Similar dynam-31

ics could be obtained by (for example) introducing an32

infinitesimal transverse field. In any case, since Monte33

Carlo is a common technique, it is interesting to under-34

stand Monte Carlo dynamics in their own right, even if35

they are not representative of physical processes. The36

breakdown of ergodicity we will describe here represents37

a simple way to understand non-ergodicity that occurs38

in more complicated Monte Carlo techniques [2–5] where39

the underlying mechanisms are more di�cult to under-40

stand.41

Here we perform instantaneous quenches to a finite42

temperature starting from a completely random spin con-43

figuration (which corresponds to an infinite temperature44

⇤ iaizzi@bu.edu; www.iaizzi.me

state). It is perhaps not surprising that this process does45

not always sample the equilibrium configuration of the46

chosen temperature. It is more surprising, however, that47

the field stabilizes a number of magnetization plateaus48

that appear under this update scheme, which are stable49

for exponentially long times (not sure if it is expo-50

nential). This occurs despite the absence of intrinsic51

disorder. Special values of the field restore ergodicity52

and produce a correct configurations after relatively short53

times.54

The underlying mechanism for this behavior is that55

the field eliminates degenerate local spin configurations56

through which the system would ordinarily pass on its57

way to equilibrium. Instead, the plateaus can be under-58

stood as ‘tilings’ of stable local configurations. Once the59

system reaches one of these tiled states, the probability60

of flipping even a single spin is exponentially suppressed61

(P / e
�1/T ). Although the details of the magnetization62

plateaus will depend on the specific update scheme, the63

underlying principle causing the breakdown of ergodicity64

is quite general. The Markov chain becomes non-ergodic65

when there are few ‘reversible’ updates available. Here66

‘reversible’ updates simple mean updates that do not dra-67

matically change the energy (and therefore weight) of the68

state.69

The advantages of the single spin flip updates is that70

we can write out all the possible local configurations.71

In Fig. 1 we show 10 local spin configurations that de-72

scribe all possible arrangements of a single site and its73

four neighbors (other configurations are reachable by ro-74

tations and permutations of the nearest neighbor spins).75

Let us define two quantities76

x =�i = ±1 (2)

y =
X

j

�j = 0,±2,±4 (3)

Here �i represents the spin that we are considering flip-77

ping and {�j} represent its nearest neighbors. The prob-78

ability of accepting a proposed spin flip is then79

P = min
h
1, e�(y�h)�x/T

i
(4)

There are only 5 possible values for x and two possible80

values for y, so there are a total of 10 unique transitions81

(see Fig. 1).82
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Zero temperature dynamics

❖  dynamics:
❖ Accept if 
❖ Reject if 

❖ : reversible update

❖ Reversible updates when 

❖ Valleys of ergodicity
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h = 0

❖ Maps onto ferromagnet
❖ Bulk domains and straight 

domain walls stable

❖  quench, stuck in stripe 
state w/  

❖ Connection to critical 
percolation theory

❖ Otherwise reach G.S.

T = 0
P = 0.3390...

9

Spirin, Krapivsky, Redner, PRE 65 016119 (2001)

From elementary facts about the first passage of a one-
dimensional random walk in the presence of an absorbing
boundary !17", the dent recombines with probability
(L!1)/L and the domain wall returns to its original state,
while with probability 1/L the dent expands and ultimately
changes the sign of one column of spins. Thus we need L
dent creation events before the stripe width changes by "1.
The time needed for this event is of order L e4J/T. Since the
typical width of a stripe is of the order of L, there must
typically be L2 such stripe width hopping events before two
interfaces meet and annihilate. Thus the time for a stripe
state to disappear is of order #$L3 e4J/T. This time scale
greatly exceeds the formation time %of order L2) to form a
stripe during the initial zero-temperature relaxation stage !4",
so that the asymptotic behavior is controlled by # .
Our simulations agree with this prediction even up to

T/Tc#0.2 %Fig. 14&. Here we define the relaxation time as
the time for the system to first reach the equilibrium value of
the magnetization of the Ising model at temperature T. This
relaxation time is dominated by configurations that first
reach a stripe state; configurations that avoid the stripe state
relax to equilibrium much more quickly.
We can develop a similar argument in three dimensions.

Since a typical metastable state has the form of two interpen-
etrating three-arm stars, let us estimate the time for such a
structure to disappear. The lowest energy excitation is to flip
of the order of L2 spins in a planar region to complete an
L$L slab of aligned spins. This excitation then relaxes rela-
tively more quickly to the ground state. The time needed to
create this planar barrier scales as exp(4JL2/T). However, this

time is too long to observe this relaxation mechanism by
direct simulations.

V. SUMMARY AND DISCUSSION

Our main result is that a finite homogeneous Ising ferro-
magnet with Glauber kinetics generally does not reach the
ground state when it is quenched to zero temperature. In two
dimensions, the final state can be either the ground state or a
frozen stripe phase. It is not a priori obvious which of these
possibilities can occur in the thermodynamic limit. Our
simulations indicate that for zero initial magnetization the
probability of ending in a stripe phase is close to 1/3. We also
argued that k-stripe states occur with probability Pk%0 for
even k, with Pk$e!k2 as k→' . A rigorous proof of these
results represents a fundamental challenge.
We also tested the universality of our findings by consid-

ering different lattices and different boundary conditions.
While these changes slightly affect various quantitative re-
sults %see Fig. 1&, they do not affect our major conclusions.
We also checked that starting from a specific initial condition
%for example, the antiferromagnetic initial state& and averag-
ing only over different realizations of the dynamics gives
essentially identical results to those where we consider one
realization of the dynamics for each initial spin state.
A more fundamental test of universality is to consider

systems with different dynamical rules that still belong to the
universality class of nonconserved order-parameter dynam-
ics. The phase-ordering kinetics of a generic two-phase sys-
tem with a nonconserved scalar order parameter is generi-
cally described by a time-dependent Ginzburg-Landau
%TDGL& equation !2". In the absence of thermal noise this
dynamics is deterministic, while Glauber dynamics is sto-
chastic even at zero temperature. Despite this distinction
both dynamics lead to similar final states in two dimensions,
viz., TDGL dynamics leads to a stripe state in approximately
30% of the realizations. Strictly speaking, the stripe state is
not absolutely stable with respect to the TDGL dynamics: A
straight stripe of width W disappears on a time scale of the
order of eW, as follows from the analysis of the one-
dimensional TDGL equation !18". For a macroscopic system
and when W is of the order of L, the relaxation time
eW$eL is ‘‘infinite’’ in any practical sense. Thus, the appear-
ance of stripes in the TDGL equation indicates that this geo-
metrical feature should appear ubiquitously in the low-
temperature relaxation of two-dimensional spin systems with
nonconserved dynamics.
In spatial dimensions d(3, the probability that the sys-

tem reaches either the ground state or a frozen state is van-
ishingly small %again in the most relevant case of zero initial
magnetization&. Essentially all realizations end up wandering
forever on connected isoenergy sets of blinker states. The
existence of blinkers means that the d(3 kinetic Ising-
Glauber system belongs to the mixed type according to the
Newman-Stein classification !3". That is, a fraction of the
spins flip infinitely often %those on blinkers&, while the rest of
the spins flip a finite number of times.
Blinkers appear to be a general feature of discrete-state

ferromagnets. For example, they arise readily in the q-state

FIG. 13. Relaxation of a stripe state in two dimensions at small
nonzero temperature: %a& nucleation of a dent %freely flippable spins
are indicated&; %b& diffusive growth of the dent; %c& dent reaches the
system size and hence the domain wall steps to the left. This overall
process ultimately leads to the disappearance of the stripe.

FIG. 14. Time to reach the equilibrium state on the square lat-
tice. The straight line is L3e4J/T.

V. SPIRIN, P. L. KRAPIVSKY, AND S. REDNER PHYSICAL REVIEW E 65 016119

016119-8

Barros, Krapivsky, Redner, PRE 80 040101(R) (2009) 
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First plateau

❖

❖ Corner domain walls now 
stable

❖ Corners host excess + spin
❖ Net magnetization 0.057

0 < h < 2J
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Second plateau

❖ Straight line DW not stable
❖ Corners/diagonal DW stable
❖ Excess + spin along DW
❖ Net magnetization 0.282 
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h = hs

❖ Does not freeze

❖ Vanishing  dependence

❖ Coexistence of
❖ 2x AFM G.S.
❖ Fully-polarized state

❖ Equivalent to hard-squares 
problem

T
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h
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m
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  = 4
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 = 16

 = 64

Conclusions
❖ Instantaneous quenches in Ising AFM + field

❖ Stable plateaus without disorder

❖ In plateau: all spins unflippable

❖ Describe in terms of stable local configurations

❖ Ergodicity restored when  updates available

❖ Useful for understanding when MC fails

❖ Monte Carlo dynamics  physical dynamics

❖ We choose the dynamics

❖ Plateau states are local energy minima under these dynamics

❖ Choosing dynamics rearranges energy surface

ΔE = 0

≠
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Open Questions

❖ Enumerate plateau states?

❖ Connect to percolation theory? 

❖ Derive magnetization in plateaus

❖ What is the finite-T scaling of “valleys of ergodicity”?

❖ Other lattices?

❖ Other dynamics?



Contact:
Adam Iaizzi

email: iaizzi@bu.edu
web: www.iaizzi.me

Thanks for your attention!
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